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Ho¨lder’s inequalityAbstract In this paper, we establish two identities for functions of two variables and apply them to
give new Hermite–Hadamard type fractional integral inequalities for double fractional integrals
involving functions whose derivatives are bounded or co-ordinates convex function on
D :¼ ½a; b  ½c; d in R2 with a < b; c < d.
 2016 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is
an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Let f : I#R! R be a convex mapping defined on the interval










fðxÞdx 6 fðaÞ þ fðbÞ
2
: ð1Þ
is known in the literature as Hermite–Hadamard inequality for
convex mappings. Note that some of the classical inequalities
for means can be derived from (1) for appropriate particular
selections of the mapping f. Both inequalities hold in the
reversed direction if f is concave.It is well known that the Hermite–Hadamard’s inequality
plays an important role in nonlinear analysis. Over the last
decade, this classical inequality has been improved and gener-
alized in a number of ways; there have been a large number of
studies on Hermite–Hadamard’s inequality reporting its role in
nonlinear analysis (Alomari et al., 2009; Azpeitia, 1994;
Bakula and Pecˇaric´, 2004; Dragomir and Pearce, 2000), later,
this classical inequality has been improved (Kırmacı and
Dikici, 2013; Set et al., 2011; Latif and Dragomir, 2012;
Ozdemir et al., 2010) and is generalized in a number of ways
(Hussain et al., 2009; Sarikaya and Aktan, 2011; Sarikaya
et al., 2014a).
Let us now consider a bidemensional interval
D ¼: a; b½   c; d½  in R2 with a < b and c < d. A mapping
f : D! R is said to be convex on D if the following inequality:fðtxþ 1 tð Þz; tyþ 1 tð ÞwÞ 6 tf x; yð Þ þ 1 tð Þf z;wð Þ ð2Þholds, for all x; yð Þ; z;wð Þ 2 D and t 2 0; 1½ . A function
f : D! R is said to be convex on the co-ordinates on D if
the partial mappings fy : a; b½  ! R, fy uð Þ ¼ f u; yð Þ andof King
2 A. Akkurt et al.fx : c; d½  ! R, fx vð Þ ¼ f x; vð Þ are convex where defined for all
x 2 a; b½  and y 2 c; d½  (Dragomir and Pearce, 2000).
A formal definition for co-ordinated convex function may
be stated as follows:
Definition 1. A function f : D! R will be called co-ordinated
convex on D, for all t; s 2 ½0; 1 and ðx; yÞ; ðu;wÞ 2 D, if the
following inequality holds:fðtxþ 1 tð Þy; suþ 1 sð ÞwÞ 6 tsfðx; uÞ þ sð1 tÞfðy; uÞ
þ tð1 sÞfðx;wÞ þ ð1 tÞð1 sÞfðy;wÞ: ð3Þ
Clearly, every convex function is co-ordinated convex.
Furthermore, there exist co-ordinated convex function which
is not convex (Dragomir, 2001). Several recent studies have
expressed concerns on Hermite–Hadamard’s inequality for
some convex function on the co-ordinates on a rectangle from
the plane R2 (Sarikaya and Yaldiz, 2013; Ozdemir et al., 2011;
Sarikaya et al., 2012; Sarikaya et al. (2014c)). More details, one
can consult Sarikaya (2014), Sarikaya et al. (2014b) and
Sarikaya (2015).
Earlier, Dragomir (2001) establish the following inequality
of Hermite–Hadamard type for co-ordinated convex mapping
on a rectangle from the plane R2. Later, another proof of a
special version of the following theorem, using the definition
of the co-ordinated convex function was reported (Sarikaya
and Yaldiz, 2013).
Theorem 2. Suppose that f : D! R is co-ordinated convex on

























































6 fða; cÞ þ fða; dÞ þ fðb; cÞ þ fðb; dÞ
4
ð4Þ
The above inequalities are sharp.
In the following section, some relevant definitions and
mathematical preliminaries of fractional calculus theory are
presented. For more details, one can consult Gorenflo and
Mainardi (1997), Kilbas et al. (2006), Samko et al. (1993),
Miller and Ross (1993).
Definition 3. Let f 2 L1 a; b½ . The Riemann–Liouville integrals
Jaaþ f and J
a











t xð Þa1fðtÞdt; x < b ð6Þ
respectively. Here, C að Þ is the Gamma function.Please cite this article in press as: Akkurt, A. et al., On the Hadamard’s type inequa
Saud University – Science (2016), http://dx.doi.org/10.1016/j.jksus.2016.06.003It is remarkable that Sarikaya et al. (2012) first give the fol-
lowing interesting integral inequalities of Hermite–Hadamard
type involving Riemann–Liouville fractional integrals.
Theorem 4. Let f : a; b½  ! R be a positive function with
0 6 a < b and f 2 L1 a; b½ . If f is a convex function on ½a; b,





6 C aþ 1ð Þ
2 b að Þa J
a
aþ fðbÞ þ Jab fðaÞ
 
6 fðaÞ þ fðbÞ
2
ð7Þ
with a > 0.
Meanwhile, Sarikaya et al. (2012) presented the following
important integral identity including the first-order derivative
of f to establish many interesting Hermite–Hadamard type
inequalities for convexity functions via Riemann–Liouville
fractional integrals of the order a > 0.
Lemma 5. Let f : a; b½  ! R be a differentiable mapping on




 C aþ 1ð Þ
2 b að Þa J
a






1 tð Þa  ta½ f 0ðtaþ ð1 tÞbÞdt: ð9Þ
Definition 6. Let f 2 L1 a; b½   c; d½ ð Þ. The Riemann–Liouville
integrals Ja;baþ ;cþ ; J
a;b




b;d of order a; b > 0 with
a; cP 0 are defined by
Ja;baþ ;cþ fðx; yÞ ¼
1





x tð Þa1 y sð Þb1fðt; sÞdsdt;
ð10Þ
Ja;baþ ;d fðx; yÞ ¼
1





x tð Þa1 s yð Þb1fðt; sÞdsdt;
ð11Þ
Ja;bb ;cþ fðx; yÞ ¼
1





t xð Þa1 y sð Þb1fðt; sÞdsdt;
ð12Þ
and
Ja;bb ;d fðx; yÞ ¼
1





t xð Þa1 s yð Þb1fðt; sÞdsdt;
ð13Þ
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Objective of the present study is to state and prove the
Hermite–Hadamard type inequality for co-ordinated convex
mapping on a rectangle from the plane R2. In order to achieve
our goal, we first give two important identities and then by
using these identities we prove some integral inequalities. We
have obtained some results which are a simpler proof of the
results presented by Sarikaya (2012).2. Main results
To establish our main results, we need the following first
identity:
Lemma 7. Let f : D#R2 ! R be a partial differentiable
mapping on D :¼ ½a; b  ½c; d in R2 with a < b and c < d and
frs 2 LðDÞ. Then the following equality holds:
4C aþ1ð ÞC bþ1ð Þ
bað Þa d cð Þb J
a;b























bxð Þa1 dyð Þb1
h
þ bxð Þa1 y cð Þb1þ xað Þa1 y cð Þb1



























frs r; sð Þdsdr; ð19Þ
and
F ¼ fða; cÞ þ fða; dÞ þ fðb; cÞ þ fðb; dÞ: ð20Þ






frs r; sð Þdsdr ¼
Z x
t
fr r; yð Þ  fr r; sð Þ½ dr
¼ f r; yð Þ  f r; sð Þ½ j xt
¼ fðx; yÞ  fðx; sÞ  fðt; yÞ þ fðt; sÞ: ð21Þ
Choose t ¼ a; s ¼ c; t ¼ a; s ¼ d; t ¼ b; s ¼ c; t ¼ b; s ¼ d






frs r; sð Þdsdr ¼ fðx; yÞ  fðx; cÞ  fða; yÞ þ fða; cÞ;
ð22ÞPlease cite this article in press as: Akkurt, A. et al., On the Hadamard’s type inequa




















frs r; sð Þdsdr ¼ fðx; yÞ  fðx; dÞ  fðb; yÞ þ fðb; dÞ:
ð25Þ
Adding these four integrals side by side, we obtain
Iðx; yÞ ¼ I1 þ I2 þ I3 þ I4
¼ 4fðx; yÞ  2 fðx; cÞ þ fðx; dÞ½   2 fða; yÞ þ fðb; yÞ½ 
þ fða; cÞ þ fða; dÞ þ fðb; cÞ þ fðb; dÞ: ð26Þ
Multiplying (26) by bxð Þ
a1 dyð Þb1
4C að ÞC bð Þ and integrating the resulting
equality with respect to ðx; yÞ on ½a; b  ½c; d, we have
1





bxð Þa1 dyð Þb1Iðx;yÞdydx
¼ 1





bxð Þa1 dyð Þb1fðx;yÞdydx
 1





bxð Þa1 dyð Þb1 fðx;cÞþ fðx;dÞ½ dx
 1





bxð Þa1 dyð Þb1 fða;yÞþ fðb;yÞ½ dydx
þ F





bxð Þa1 dyð Þb1dydx:
ð27Þ
Thus, in (27) by means of simple calculations, we have
Ja;baþ ;cþðb; dÞ 
d cð Þb
2C bþ 1ð Þ J
a
aþ fðb; cÞ þ Jaaþ fðb; dÞ
 
 b að Þ
a
2C aþ 1ð Þ J
b
cþ fða; dÞ þ Jbcþ fðb; dÞ
 þ b að Þa d cð Þb
C aþ 1ð ÞC bþ 1ð ÞF
¼ 1





b xð Þa1 d yð Þb1Iðx; yÞdydx: ð28Þ
Multiplying (26) by bxð Þ
a1 ycð Þb1
4C að ÞC bð Þ and integrating the resulting
equality with respect to ðx; yÞ on ½a; b  ½c; d, and by similar
calculations, we have
Ja;baþ ;d fðb; cÞ 
d cð Þb
2C bþ 1ð Þ J
a
aþ fðb; cÞ þ Jaaþ fðb; dÞ
 
 b að Þ
a
2C aþ 1ð Þ J
b
d fða; cÞ þ Jbd fðb; cÞ
 þ b að Þa d cð Þb
4C aþ 1ð ÞC bþ 1ð ÞF
¼ 1





b xð Þa1 y cð Þb1Iðx; yÞdydx: ð29Þ
Multiplying (26) by xað Þ
a1 ycð Þb1
4C að ÞC bð Þ and integrating the resulting
equality with respect to ðx; yÞ on ½a; b  ½c; d, we havelities for co-ordinated convex functions via fractional integrals. Journal of King
4 A. Akkurt et al.Ja;bb ;cþ fða; dÞ 
d cð Þb
2C bþ 1ð Þ J
a
b fða; cÞ þ Jab fða; dÞ
 
 b að Þ
a
2C aþ 1ð Þ J
b
cþ fða; dÞ þ Jbcþ fðb; dÞ
 þ b að Þa d cð Þb
4C aþ 1ð ÞC bþ 1ð ÞF
¼ 1





x að Þa1 y cð Þb1Iðx; yÞdydx: ð30Þ
Multiplying (26) by xað Þ
a1 dyð Þb1
4C að ÞC bð Þ and integrating the resulting
equality with respect to ðx; yÞ on ½a; b  ½c; d, we have
Ja;bb ;d fða; cÞ 
d cð Þb
2C bþ 1ð Þ J
a
b fða; cÞ þ Jab fða; dÞ
 
 b að Þ
a
2C aþ 1ð Þ J
b
d fða; cÞ þ Jbd fðb; cÞ
 þ b að Þa d cð Þb
4C aþ 1ð ÞC bþ 1ð ÞF
¼ 1





x að Þa1 d yð Þb1Iðx; yÞdydx: ð31Þ
Adding these (28)–(31) side by side, which completes the proof.
Corollary 8. If we take a ¼ b ¼ 1 in Lemma 7, we get
4














f a;yð Þþ f b;yð Þ½ dyþF
¼ 1






Theorem 9. Let f : D#R2 ! R be a partial differentiable
mapping on D :¼ ½a; b  ½c; d in R2 with a < b and c < d and
frs 2 LðDÞ. If frs 2 L1ðDÞ, i.e frsj jj j1 ¼ sup




< 1, then one has the inequality:
4C aþ 1ð ÞC bþ 1ð Þ
b að Þa d cð Þb J
a;b
aþ ;cþ fðb; dÞ þ Ja;baþ ;d fðb; cÞ þ Ja;bb ;cþ fða; dÞ
h					
þJa;bb ;d fða; cÞ
i
 2C aþ 1ð Þ
b að Þa J
a
aþ fðb; cÞ þ Jaaþ fðb; dÞ

þJab fða; cÞ þ Jab fða; dÞ
 2C bþ 1ð Þ
d cð Þb J
b
cþ fða; dÞ þ Jbcþ fðb; dÞ

þJbd fða; cÞ þ Jbd fðb; cÞ
þ F		 6 4 frsj jj j1 b að Þ d cð Þ: ð33Þ
Proof. From Lemma 7, taking the modulus, it follows that
Jj j ¼ 4C aþ1ð ÞC bþ1ð Þ
bað Þa d cð Þb J
a;b











d cð Þb J
b
cþ fða;dÞþJbcþ fðb;dÞþJbd fða;cÞ

þJbd fðb;cÞ
þF		 ð34ÞPlease cite this article in press as: Akkurt, A. et al., On the Hadamard’s type inequa
Saud University – Science (2016), http://dx.doi.org/10.1016/j.jksus.2016.06.0036 ab





b xð Þa1 d yð Þb1
h
þ b xð Þa1 y cð Þb1 þ x að Þa1 y cð Þb1































Since frs 2 L1ðDÞ, we get
Jj j 6 ab frsj jj j1






















































¼ ab frsj jj j1
b að Þa d cð Þb




¼ 4 frsj jj j1 b að Þ d cð Þ: ð37Þ
This completes the proof.
Corollary 10. If we take a ¼ b ¼ 1 in Theorem 9, we get
4















f a;yð Þþ f b;yð Þ½ dyþF
				
64 frsj jj j1 bað Þ dcð Þ:
ð38Þ
Theorem 11. Let f : D#R2 ! R be a partial differentiable
mapping on D :¼ ½a; b  ½c; d in R2 with a < b and c < d and
frs 2 LðDÞ. If frsj j is a convex function on the co-ordinates on
D, then the following inequality holds:
4C aþ 1ð ÞC bþ 1ð Þ
b að Þa d cð Þb J
a;b
aþ ;cþ fðb; dÞ þ Ja;baþ;d fðb; cÞ þ Ja;bb ;cþ fða; dÞ
h					
þJa;bb ;d fða; cÞ
i
 2C aþ 1ð Þ
b að Þa J
a
aþ fðb; cÞ þ Jaaþ fðb; dÞ

þJab fða; cÞ þ Jab fða; dÞ
 2C bþ 1ð Þ
d cð Þb J
b
cþ fða; dÞ þ Jbcþ fðb; dÞ

þJbd fða; cÞ þ Jbd fðb; cÞ
þ F		 6 b að Þ d cð Þ
 frs a; cð Þþj j frs a; dð Þj j þ frs b; cð Þj j þ frs b; dð Þj j½  ð39ÞProof. Since frs r; sð Þj j is co-ordinates on D, we know that
x 2 a; b½ ; y 2 c; d½ lities for co-ordinated convex functions via fractional integrals. Journal of King


























d c frs b;dð Þj j: ð40Þ
From Lemma 7, we have
Jj j 6 ab





b xð Þa1 d yð Þb1
h
þ b xð Þa1 y cð Þb1 þ x að Þa1 y cð Þb1































By using co-ordinated convexity of frsj j, we get
Jj j6 ab





b xð Þa1 d yð Þb1
h
þ b xð Þa1 y cð Þb1þ x að Þa1 y cð Þb1












































































































bxð Þa1 dyð Þb1
h
þ bxð Þa1 y cð Þb1þ xað Þa1 y cð Þb1
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brð Þ d sð Þ frs a;cð Þj jþ brð Þ s cð Þ frs a;dð Þj j½




b að Þaþ1 d cð Þbþ1





frs a; cð Þþj j frs a; dð Þj j½
(
þ frs b; cð Þj j þ frs b; dð Þj j ¼
b að Þ d cð Þ
4
frs a; cð Þþj j frs a; dð Þj j½
þ frs b; cð Þj j þ frs b; dð Þj j: ð46Þ
Similarly, we also have the following equalities
A2¼ ab











brð Þ d sð Þ frs a;cð Þj jþ brð Þ s cð Þ frs a;dð Þj j½





¼ bað Þ d cð Þ
4
frs a;cð Þþj j frs a;dð Þj jþ frs b;cð Þj jþ frs b;dð Þj j½ ; ð47Þ
A3¼ ab











brð Þ d sð Þ frs a;cð Þj jþ brð Þ s cð Þ frs a;dð Þj j½





¼ bað Þ d cð Þ
4
frs a;cð Þþj j frs a;dð Þj jþ frs b;cð Þj jþ frs b;dð Þj j½  ð48Þ
and
A4¼ ab











brð Þ d sð Þ frs a;cð Þj jþ brð Þ s cð Þ frs a;dð Þj j½





¼ bað Þ d cð Þ
4
frs a;cð Þþj j frs a;dð Þj jþ frs b;cð Þj jþ frs b;dð Þj j½ : ð49Þ
Adding these (46)–(49) side by side, if we put in (44), we obtain
(39). This completes the proof of the theorem.
Corollary 12. If we take a ¼ b ¼ 1 in Theorem 11, we get
4















f a;yð Þþ f b;yð Þ½ dyþF
				6 bað Þ dcð Þ frs a;cð Þj½
þj frs a;dð Þj jþ frs b;cð Þj jþ frs b;dð Þj j: ð50Þ
Lemma 13. Let f : D#R2 ! R be a partial differentiable map-
ping on D :¼ ½a; b  ½c; d in R2 with a < b; c < d and
frs 2 LðDÞ. Then the following equality holds:lities for co-ordinated convex functions via fractional integrals. Journal of King







 C bþ1ð Þ













 C aþ1ð Þ











þC aþ1ð ÞC bþ1ð Þ
4 bað Þa d cð Þb J
a;b










































 f t; cþ d
2
 
þ fðt; sÞ: ð52Þ
Multiplying (52) by btð Þ
a1 dsð Þb1
C að ÞC bð Þ and integrating the resulting
equality with respect to ðs; tÞ on ½a; b  ½c; d, we get
1


























b tð Þa1 d sð Þb1dsdt
 1


























b tð Þa1 d sð Þb1fðt;sÞdsdt:
ð53Þ
By simple calculations, we have
bað Þa d cð Þb










































Multiplying (52) by btð Þ
a1 scð Þb1
C að ÞC bð Þ , integrating the resulting
equality with respect to ðs; tÞ on ½a; b  ½c; d, and by similar
methods above we have
bað Þa d cð Þb









































dsdt: ð55ÞPlease cite this article in press as: Akkurt, A. et al., On the Hadamard’s type inequa
Saud University – Science (2016), http://dx.doi.org/10.1016/j.jksus.2016.06.003Multiplying (52) by tað Þ
a1 dsð Þb1
C að ÞC bð Þ integrating the resulting
equality with respect to ðs; tÞ on ½a; b  ½c; d, and by similar
methods above we have
bað Þa d cð Þb










































Multiplying (52) by tað Þ
a1 scð Þb1
C að ÞC bð Þ integrating the resulting
equality with respect to ðs; tÞ on ½a; b  ½c; d, and by similar
methods above we have
bað Þa d cð Þb










































Adding these (54)–(57) side by side and multiplying both sides
by C aþ1ð ÞC bþ1ð Þ
4 bað Þa dcð Þb, we get the desired equality (51).













































frs r; sð Þdsdr
( )
dsdt: ð58Þ
Theorem 15. Let f : D#R2 ! R be a partial differentiable
mapping on D :¼ ½a; b  ½c; d in R2 with a < b and c < d. If






















 C aþ1ð Þ











þ C aþ1ð ÞC bþ1ð Þ
4 bað Þa d cð Þb J
a;b
aþ;cþ fðb;dÞþJa;baþ;d fðb;cÞþJa;bb ;cþ fða;dÞ
h
þJa;bb;d fða;cÞ
i			6 frsj jj j1 bað Þ d cð Þ
4
 2
1aþ a1ð Þ 
aþ1
21bþ b1ð Þ 
bþ1
" #
: ð59Þlities for co-ordinated convex functions via fractional integrals. Journal of King








 C bþ1ð Þ













 C aþ1ð Þ











þC aþ1ð ÞC bþ1ð Þ
4 bað Þa d cð Þb J
a;b
aþ ;cþ fðb;dÞþJa;baþ ;d fðb;cÞ
h
þJa;bb ;cþ fða;dÞþJa;bb ;d fða;cÞ
i			 ð60Þ
6 ab frsj jj j1





b tð Þa1þ tað Þa1
h in












¼ frsj jj j1 bað Þ d cð Þ
4
21aþ a1ð Þ 
aþ1




for frs 2 L1ðDÞ.


































				 6 frsj jj j116 b að Þ d cð Þ: ð62Þ
which is proved by Sarikaya in Sarikaya (2012).
Theorem 17. Let f : D#R2 ! R be a partial differentiable
mapping on D :¼ ½a; b  ½c; d in R2 with a < b and c < d. If









 C bþ1ð Þ













 C aþ1ð Þ











þC aþ1ð ÞC bþ1ð Þ
4 bað Þa d cð Þb J
a;b
aþ ;cþ fðb;dÞþJa;baþ ;d fðb;cÞ
h
þJa;bb ;cþ fða;dÞþJa;bb ;d fða;cÞ
i			 ð63Þ
6 b að Þ d cð Þ a2
a  aþ 1ð Þ2a1 þ 1
2a aþ 1ð Þ
b2b  bþ 1ð Þ2b1 þ 1
2b bþ 1ð Þ
 frs a; cð Þj j þ frs a; dð Þj j þ frs b; cð Þj j þ frs b; dð Þj j
4
: ð64Þ
Proof. Since frs r; sð Þj j is co-ordinates on D, we know that
t 2 a; b½ ; s 2 c; d½ Please cite this article in press as: Akkurt, A. et al., On the Hadamard’s type inequa


























d c frs b;dð Þj j: ð65Þ









 C bþ1ð Þ













 C aþ1ð Þ











þC aþ1ð ÞC bþ1ð Þ
4 bað Þa d cð Þb J
a;b
aþ ;cþ fðb;dÞþJa;baþ ;d fðb;cÞ
h
þJa;bb ;cþ fða;dÞþJa;bb ;d fða;cÞ
i					 ð66Þ
6 ab





b tð Þa1þ tað Þa1
h in




















b tð Þa1þ tað Þa1
h in









brð Þ d sð Þ frs a;cð Þj j½
þ brð Þ s cð Þ frs a;dð Þj jþ rað Þ d sð Þ frs b;cð Þj j





With a simple calculation, we have
K1¼ ab





b tð Þa1þ tað Þa1
h i
 d sð Þb1þ s cð Þb1
h i








brð Þ d sð Þdsdr
					




b tð Þa1þ tað Þa1









d sð Þb1þ s cð Þb1







¼ ab frs a;cð Þj j












































2b bþ1ð Þ bað Þ d cð Þ:
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8 A. Akkurt et al.Similarly, we also have the following equalities
K2 ¼ ab





b tð Þa1þ tað Þa1
h i
 d sð Þb1þ s cð Þb1
h i







brð Þ s cð Þdsdr
					
					dsdt





2b bþ1ð Þ bað Þ d cð Þ; ð71Þ
K3 ¼ ab





b tð Þa1þ tað Þa1
h i
d sð Þb1þ s cð Þb1
h i







rað Þ d sð Þdsdr
					
					dsdt





2b bþ1ð Þ bað Þ d cð Þ ð72Þ
and
K4 ¼ ab





b tð Þa1þ tað Þa1
h i
 d sð Þb1þ s cð Þb1
h i







rað Þ s cð Þdsdr
					
					dsdt





2b bþ1ð Þ bað Þ d cð Þ: ð73Þ
Thus, if we put the last four equalities in (68), we obtain (64).
This completes the proof of the theorem.

































				6 bað Þ d cð Þ16




In this work we give two identities for functions of two
variables and apply them to give new Hermite–Hadamard type
Fractional integral inequalities for double Fractional integrals
involving functions whose derivatives are bounded or
co-ordinates convex function on D :¼ ½a; b  ½c; d in R2 with
a < b; c < d.
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